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Relativemotion control strategies for autonomous rendezvous operations in a near-circular orbit are presented in

this paper. The relative motion equations described by classical orbit element differences are adopted and the

periodic drift in along-track motion is deduced from the along-track motion equation. The control strategies in two

differentmeasurement cases are designedbased on theperiodic characteristics of relativemotion. In thefirst case, the

measurements of relative range and line-of-sight angles are available to estimate the relative position and velocity.

The three-axis impulsive control strategies to adjust along-track, radial, and cross-track motions are designed using

Gauss’s perturbation equations. In the second case, only line-of-sight angles are available. An iterative algorithm is

presented to estimate the along-track motion using only the azimuth angle to obtain the impulsive changes to adjust

the along-track motion. Numerical simulations are undertaken to verify the control strategies proposed. The results

indicate that 1) three-axis motions can be controlled accurately when the relative range and line-of-sight angles are

available and 2) the iterative algorithm is valid for along-track drift control when only line-of-sight angles are

available.

Nomenclature

Ay = amplitude of the cross-track motion
Ades
z = desired amplitude of the radial motion
a = semimajor axis
ac = semimajor axis of the chaser
at = semimajor axis of the target
Ddes = desired drift of the along-track motion within each

period
e = eccentricity
ec = eccentricity of the chaser
et = eccentricity of the target
fh = component of the control acceleration along the

orbital angular momentum vector
fn = component of the control acceleration perpendicular

to the velocity vector
ft = component of the control acceleration along the

velocity vector
fx = component of the control acceleration in the along-

track motion
fy = component of the control acceleration in the cross-

track motion
fz = component of the control acceleration in the radial

motion
h = massless angular momentum of orbital motion
i = orbit inclination
ic = orbit inclination of the chaser

it = orbit inclination of the target
M = mean anomaly
Mc = mean anomaly of the chaser
Mt = mean anomaly of the target
P = orbit period
Pc = orbit period of the chaser
Pt = orbit period of the target
rc = position vector of the chaser
rt = position vector of the target
tp = time of passing perigee
tpc = time of passing perigee of the chaser
tpt = time of passing perigee of the target
u = argument of latitude
uc = argument of latitude of the chaser
ut = argument of latitude of the target
v = velocity of the spacecraft
x = along-track component of relative position in the

chaser local vertical, local horizontal frame
y = cross-track component of relative position in the

chaser local vertical, local horizontal frame
z = radial component of the relative position in the chaser

local vertical, local horizontal frame
zmax = maximum radial motion in a target orbit period
zmin = minimum radial motion in a target orbit period
� = phrase angle of the relative orbit
�ades = desired value of the semimajor axis difference
j�ejdes = desired amplitude of the eccentricity difference
�ides = desired values of the orbit-inclination difference
�vy = cross-track impulsive velocity change
�vax = impulsive velocity change required to adjust the

semimajor axis
�vez = impulsive velocity change required to adjust the

eccentricity
�viy = cross-track impulsive velocity change required to

adjust the orbit inclination
�v�y = cross-track impulsive velocity change required to

adjust the right ascension node
��des = desired values of the right-ascension-node difference
�a = desired corrections of the semimajor axis of the

chaser
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�e = desired corrections of the eccentricity of the chaser
�i = desired corrections of the orbit inclination of the

chaser
�� = desired corrections of the right ascension node of the

chaser
� = true anomaly
�c = true anomaly of the chaser
�t = true anomaly of the target
�y = azimuth
�z = elevation
� = gravitational constant of Earth
�r = relative range measurement noise
�y = azimuth measurement noise
�z = elevation measurement noise
� = position vector of the target relative to the chaser
�px = standard deviation of along-track random acceleration
�py = standard deviation of cross-track random acceleration
�pz = standard deviation of radial random acceleration
�r = standard deviation of relative range measurement

noise
�y = standard deviation of azimuth measurement noise
�z = standard deviation of elevation measurement noise
&x = along-track random acceleration
&y = cross-track random acceleration
&z = radial random acceleration
� = right ascension node
�c = right ascension node of the chaser
�t = right ascension node of the target
! = argument of perigee
!c = argument of perigee of the chaser
!t = argument of perigee of the target
$c = angular velocity of the chaser

Introduction

I N RECENT years, there has been increasing interest in
autonomous rendezvous technology, following several decades

of development [1–4]. As mentioned in [2], the autonomous
rendezvous mission can be divided into several different phases,
according to the relative distance between the two spacecraft and the
source of navigation data. Each phase requires different methods for
relative navigation and relative motion control. Therefore, the
relative navigation and the dynamics and control of relative motion
are two key technologies for autonomous rendezvous.

The relative navigation that supplies measurements for relative
motion control is closely related to the sensors and the characteristics
of measured targets. With a cooperative target, satisfactory sensors
and global positioning system (GPS) receivers, it is simple to supply
sufficient measurements: relative range, azimuth and elevation
angles, and inertial positions and velocities of spacecraft. But with a
noncooperative target, insufficient or disabled sensors, and without
GPS receivers, the relative navigation and relativemotion control are
usually extraordinarily difficult because of insufficient data. Hablani
et al. [5,6] summarized and developed relative navigation algorithms
for many cases. Significantly, observability of the relative position
from angle measurements was examined in [6]. Crassidis et al. [7,8]
also discussed this problem; they almost came to the same conclusion
that the relative position is unobservable using only line-of-sight
(LOS) angles measurements in the local vertical, local horizonal
(LVLH) frame. Although, using a Kalman filter, the relative position
has been estimated with only LOS angles available in [6], the results
were rough and the errors were too large to design maneuver
strategies for autonomous rendezvous. However, in the relative drift
phase (from several kilometers to hundreds of kilometers) of
autonomous rendezvous, only LOS angles measurements may be
available, because of insufficient sensors. Therefore, it is necessary
to study relative navigation and relative motion control with only
LOS angles available. In general, the relative navigation and the
configuration and status of sensors for measurement are critical to
mission success, because they determine whether the acquirable
information is enough to implement relative motion control.

The studies of relative motion of spacecraft began in the 1960s
with the paper by Clohessy and Wiltshire (C-W equations) [9], who
derived the equations of motion for one spacecraft relative to another
that is in a circular orbit about spherical Earth. TheC-Wequations are
also called Hill’s equations, which were obtained by Hill using the
samemethod in the research about the moon [10]. Based on the C-W
equations, many guidance algorithms were developed for
rendezvous operations [11–17]. The R-bar, V-bar, and Lambert
transfer are the most common algorithms for approach or retirement
operations (see [9]). Prussing [12,13] and Carter [14] investigated
minimum-propellant impulsive-rendezvous maneuvers using opti-
mal control theory. Lopez and McInnes [15] presented artificial
potential function guidance algorithms for terminal rendezvous in
the presence of path constraints and multiple obstructions. Lovell
and Tragesser [16,17] transformed the C-W coordinates to a new set
of parameters, termed relative orbit elements, that give a clear
representation of the geometry of the relative motion and
investigated guidance algorithms. However, it is acknowledged
that the C-W equations are not accurate enough for long-range and
long-term relative motion control because of the linearization error,
the eccentricity error, the perturbative effect of J2, and so on.
Therefore, the relative motion in an elliptic orbit was studied [18–
23]. Furthermore, with the formation flying concept presented, more
accurate models (including high-order terms, the eccentricity, and
the J2 perturbation) were developed [24–28]. Schaub and Alfriend
[29–31] and Schaub [32] presented an innovativemethod to describe
the relative motion in terms of classical orbit element differences.
Meanwhile, several relative motion control strategies that feed back
classical orbit element differences have been suggested for formation
flying [33,34]. It is extraordinarily advantageous to analyze the long-
term characteristics of relative motion using classical orbit element
differences. Another advantage of this method is that relative motion
control strategies can be designed using classical Gauss’s
perturbation equations. However, the preceding methods mainly
address formation flying tasks and the implementations of control
strategies require abundant measurements including the inertial
measurements of the spacecraft, some ofwhich are likely unavailable
in missions with insufficient sensors. As is known, there are no
reported works for autonomous rendezvous operations based on
classical orbit element differences. Therefore, it is necessary to
attempt to develop control strategies based on classical orbit element
differences for autonomous rendezvous.

In this paper, we present relative motion control strategies based
on classical orbit element differences for the relative drift phase of
autonomous rendezvous in a near-circular orbit with only relative
measurements available, but not any inertial measurements.
Especially, an iterative algorithm is presented for drift control when
only LOS angles are measured, but not the relative range. This paper
is organized as follows: First, based on the approaches in [29,30], the
relative motion equations in the chaser LVLH coordinate system are
established. Then the periodic characteristics of relative motion are
investigated, and the relation between the along-trackmotion and the
semimajor axis differences is developed. Next, the relative motion
control strategies are designedwhen the relative position and relative
velocity are acquired. The three-axis control strategies are givenwith
impulsive changes. Afterwards, the impulsive control strategy for
along-track motion using only the azimuth angle is presented.
Finally, these control strategies are illustrated with two numerical
simulation scenarios.

Relative Motion Equations Expressed in Classical Orbit
Element Differences

As seen in Fig. 1, the LVLH frame origin is at the center of mass of
the chaser spacecraft, the X axis lies in the orbit plane and
perpendicular to the position vector rc of the chaser (pointing
forward), theZ axis points to the center ofmass of the earth, and theY
axis is normal to the orbit plane and forms a right-handed set with the
X and Z axes. In the chaser LVLH coordinate system, the relative
position vector of the target with respect to the chaser is defined as
�� �x y z�T .
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In general, relative motion equations describe the relative motion
of the chaser with respect to the target in the target LVLH frame. But
in autonomous rendezvous, the measurement information is always
about the target with respect to the chaser in the chaser frame. In this
paper, to analyze the relative motion using the measurement
information directly and to obtain the guidance signals in the chaser
frame, the relative motion equations of the target with respect to the
chaser are described in the chaser LVLH frame in terms of the
classical orbit element differences.

The relative motion equations in the chaser LVLH frame are
established based on the works of [29,30]. The orbit elements are
defined as follows: the semimajor axis, the eccentricity, the right
ascension node, the orbit inclination, the argument of perigee, the
true anomaly, the argument of latitude (u� !� �), the mean
anomaly, the time of passing perigee, and the orbit period. The
classical orbit element differences are given by

�a� at � ac; �e� et � ec; ����t ��c

�i� it � ic; �!� !t � !c ��� �t � �c
�u� ut � uc; �M �Mt �Mc; �tp � tpt � tpc

�P� Pt � Pc

where the subscripts t and c refer to the target and the chaser,
respectively.

The position vector of the target relative to the chaser � is

� � rt � rc (1)

Equation (1) is expanded in the chaser LVLH frame as

x
y
z

2
4

3
5� Lci��c; ic; uc�Lit��t; it; ut�

0

0

�rt

2
4

3
5 �

0

0

�rc

2
4

3
5 (2)

where Lci��c; ic; uc� is the transformation matrix from the inertial
frame to the chaser LVLH frame,Lit��t; it; ut� is the transformation
matrix from the target LVLH frame to the inertial frame, �0 0 � rt�T
is the column matrix of components of rt in the target LVLH frame,
and �0 0 � rc�T is the column matrix of components of rc in the
chaser LVLH frame.

When the relative orbit radius � is small in comparison with the
absolute orbit radius, the orbit element differences��,�i, and�u
are small enough to ignore the higher-order small quantities.
Equation (2) can then be written as (also see [35])

x
y
z

2
4

3
5� rt��u���cos it�

rt���sin it cos ut ��i sin ut�
rc � rt

2
4

3
5 (3)

The true anomaly and the spacecraft position can be expressed as
the series expansion aboutBessel functions [36]. In the case of a near-
circular orbit, the second-order and higher-order terms containing
eccentricity are negligible and the expressions of the true anomaly
and the spacecraft position are simplified as follows:

�
�c �Mc � 2ec sinMc

�t �Mt � 2et sinMt

(4)

�
rc � ac�1 � ec cosMc�
rt � at�1 � et cosMt�

(5)

The mean anomalies are expressed as follows:

�
Mc � 2��t� tpc�=Pc
Mt � 2��t � tpt�=Pt

(6)

After substituting Eqs. (4–6) into Eq. (3) and ignoring terms
containing eccentricity and negligible second-order small quantities,
the relative motion for a near-circular orbit case is expressed as

x� at��! � 2�tpt=Pt � 2�tpc=Pc � 2�e sinMt ���cos it�
� 2�at�Pt=�PtPc� (7a)

y� at
������������������������������������
��2sin2it ��i2

p
sin�� � ut� (7b)

z���a� at�e cosMt (7c)

where the phase angle � is defined as

�� arctan 2���sin it;�i� (8)

When the semimajor axes are equal, namely,

ac � at � a; Pc � Pt � P

Equation (7) becomes

x� a��! � 2��tp=P� 2�e sinMt ���cos it� (9a)

y� a
������������������������������������
��2sin2it ��i2

p
sin�� � ut� (9b)

z� a�e cosMt (9c)

Equations (7) and (9) describe the nonperturbed relative motion for a
near-circular orbit case.

Equation (7a) shows that a secular drift term exists in the along-
track motion x because of the semimajor axis difference. After one
orbit period of the target, the along-track drift quantity is

�xP ��2�at�PPt=�PtPc� � �2�at�
������������������
�at=ac�3

p
� 1� (10)

With the assumption of a small difference in the semimajor axis, the
first-order approximation of Eq. (10) is

�xP ��3��a (11)

Equation (11) provides an approximation about how the along-track
motion xwill vary due to the semimajor axis difference�a after one
orbit period. It is fundamental to the relative motion control in the
next sections. Equations (7b) and (7c) show that the cross-track
motion y and the radialmotion z are periodicmotions,with the period
equal to the orbit periodPt of the target. The amplitude of cross-track

motion y is at
������������������������������������
��2sin2it ��i2

p
.

Equation (9) shows that the relative motion is periodic, with the
period equal to the orbit period Pt of the target when the semimajor
axes of the spacecraft are equal. The trajectory of relative motion in
the X–Z plane is an ellipse with a center at (a�!�
2�a�tp=P� a��cos it, 0) and with a semimajor axis 2aj�ej
along theX axis twice as large as the semiminor axis along theZ axis.

cr

Chaser 
spacecraft 

X

Z

Y

cv

Earth’s center of 
mass 

tr

ρ

Target 
spacecraft 

Fig. 1 Scenario 1: LVLH frame centered on the center of mass of the
chaser spacecraft.
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Relative Motion Control Using Measurements
of Relative Range and LOS Angles

This section investigates relative motion control under the
assumption that the range and LOS angles of the target relative to the
chaser can be measured. The relative range measurements are
provided by lidar and LOS angles measurements are obtained from
cameras and visible or infrared sensors. In this case, the relative
position and the relative velocity can be estimated using an extended
Kalman filter (EKF) (see [5]), but the real-time orbit elements of the
spacecraft cannot be estimated because any inertial measurement is
unavailable. The implementation of the algorithm requires the
relative position, the relative velocity, and the semimajor axis at of
the target (regarded as a constant). The three-axis control strategies
will be given with impulsive changes.

Along-Track and Radial Control Strategies

In the course of autonomous rendezvous, maneuver operations of
approach, retirement, and stationkeeping are necessary. We can
control the along-track and the radial motions of the chaser to carry
out these operations.

Equation (11) shows that the long-term along-track motion
depends on the semimajor axis difference �a. Equations (7c) and
(9c) show that the amplitude of radial motion depends on the
magnitude of eccentricity difference j�ej. The semimajor axis
difference�a and the magnitude of eccentricity difference j�ej are
determined from

�a� �x�t� Pt� � x�t��=��3�� (12)

j�ej � �zmax � zmin�=�2at� (13)

where Pt is equal to 2�
�����������
a3t =�

p
, time t is arbitrary, and zmax and zmin

are the maximum and minimum of radial motion z within one orbit
period Pt of the target. Note that the maneuver control is forbidden
during the period of determining �a and j�ej.

If the desired drift of along-trackmotionwithin each period isDdes

and the desired amplitude of radialmotion isAdes
z , the desired value of

semimajor axis difference and the desired magnitude of eccentricity
difference are given by

�ades �Ddes=��3�� (14)

j�ejdes � Ades
z =at (15)

Thus, the desired corrections of the semimajor axis and eccentricity
of the chaser are

�a��a ��ades (16)

�e� j�ej � j�ejdes (17)

Gauss’s perturbation equations of the semimajor axis and
eccentricity are written as (see [36]),

d a=dt� 2a2vft=� (18)

d e=dt� �2a�e� cos ��ft � r sin �fn�=�av� (19)

Equation (18) shows that only ft has an effect on the semimajor axis
adjustment, but fn does not. According to Eq. (19), it is evident that
the coupling of semimajor axis and eccentricity adjustments is the
weakest and fn is the most effective to adjust eccentricity when the
true anomaly � is equal to k�=2 (k�	1;	3;	5; . . .).

The perturbation acceleration in the LVLH frame is defined as

f � fx fy fz
� �

T (20)

In the case of a near-circular orbit, ft and fn are approximately along

the X and Z axes. Therefore,

ft � fx (21)

fn � fz (22)

Substituting Eqs. (21) and (22) into Eqs. (18) and (19) and ignoring
terms containing eccentricity, Eqs. (18) and (19) become at ��
k�=2 as follows:

da= dt� 2
�����������
a3=�

p
fx (23)

d e=dt��
���������
a=�

p
sin�k�=2�fz (24)

In terms of Eq. (23), the along-track impulse�vax required to adjust
the semimajor axis of the chaser by �a is

�vax � �a
���������������������
�
.�

4a3c

�r
(25)

In terms of Eq. (24), themagnitude of the radial impulse�vez required
to adjust the eccentricity of the chaser by �e is

j�vez j � j�ej
�����������
�=ac

p
(26)

The sign of�vez is determined by �e and the radial relative velocity _z
at the time of the radial impulse. Thus, the radial impulse �vez
required to adjust the eccentricity of the chaser is given by

�vez � sgn�_z�e�j�ej
�����������
�=ac

p
(27)

In Eqs. (25) and (27), ac can be replaced by the semimajor axis at of
the target with the assumption of a small difference in the semimajor
axis. Thus, the impulsive velocity changes required to adjust the
semimajor axis and the eccentricity of the chaser arefinallywritten as

�vax � �a
���������������������
�
.�

4a3t

�r
(28)

�vez � sgn�_z�e�j�ej
�����������
�=at

p
(29)

Impulsive changes expressed by Eqs. (28) and (29) are at �c �
k�=2 (k�	1;	3;	5; . . .). However the real-time true anomaly �c
cannot be directly observed because the inertial measurements are
not available. Fortunately, some special points of the target mean
anomaly can be estimated using the relative position and the relative
velocity. According to Eq. (7c), the radial motion z reaches the
maximum zmax or the minimum zmin when Mt is equal to n�
(n� 0;	1;	2;	3; . . .). After passing though Pt=4 from these
extreme points, the mean anomaly of the target reaches k�=2.
Meanwhile, the true anomaly of the chaser is approximately equal to
k�=2 with the assumption of small eccentricity and small mean
anomaly differences. Therefore, impulsive changes written by
Eq. (28) and (29) will be implemented at Mt � k�=2
(k�	1;	3;	5; . . .).

Summarizing the preceding processes, the approaches to adjust
semimajor axis and eccentricity are given as follows:

Step 1) Choose the time t, determine x�t� and x�t� Pt�, and
calculate the semimajor axis difference �a through Eq. (12).

Step 2) Determine the desired correction �a of the semimajor axis
through Eq. (16), calculate the along-track impulse �vax required to
adjust the semimajor axis through Eq. (28), and perform �vax when
Mt reaches k�=2 for the first time after t� Pt.

Step 3) Determine zmax and zmin in the next orbit period after
performing �vax , and calculate the magnitude of the eccentricity
difference j�ej through Eq. (13).

Step 4)Determine the desired correction of eccentricity �e through
Eq. (17), calculate the radial impulse �vez required to adjust the
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eccentricity through Eq. (29), and perform �vez when Mt reaches
k�=2 for the first time after determining zmax and zmin.

Cross-Track Control Strategies

For many autonomous rendezvous applications such as docking
between two spacecraft, it is necessary to eliminate the cross-track
motion. According to Eq. (7b), the amplitude Ay of cross-track
motion, which equals the maximum of cross-track motion y, is
determined by at, it, the right-ascension-node difference ��, and
the orbit-inclination difference �i. Therefore, the way to eliminate
cross-track motion is to eliminate the differences of the right
ascension node and the orbit inclination. The desired values of the
differences are

��des � 0 (30)

�ides � 0 (31)

Thus, the desired corrections of the right ascension node and orbit
inclination of the chaser are

����� ���des ��� (32)

�i��i ��ides ��i (33)

In terms of Eq. (7b), the amplitudeAy of cross-trackmotion is written
as

Ay � at
������������������������������������
��2sin2it ��i2

p
� at

��������������������������������
��2sin2it � �i2

p
(34)

Gauss’s perturbation equations of the right ascension node and the
orbit inclination are written as (see [36])

d�=dt� r sin ufh=�h sin i� (35)

d i=dt� r cos ufh=h (36)

where

h�
�����������������������
�a�1 � e2�

p
(37)

and

fh ��fy (38)

Substituting Eqs. (37) and (38) into Eqs. (35) and (36) and ignoring
terms containing eccentricity, Eqs. (35) and (36) become

d�=dt��
���������
a=�

p
sin ufy= sin i (39)

d i=dt��
���������
a=�

p
cos ufy (40)

According to Eq. (39), the cross-track impulse �v�y required to
adjust the right ascension node of the chaser by �� is

�v�y ��
�����������
�=ac

p
sin ic��= sin uc (41)

According to Eq. (40), the cross-track impulse�viy required to adjust
the orbit inclination of the chaser by �i is

�viy ��
�����������
�=ac

p
�i= cos uc (42)

With the assumption of small orbit element differences, the orbit
elements of the chaser in Eqs. (41) and (42) can be replaced by that of
the target. Thus,

�v�y ��
�����������
�=at

p
sin it��= sin ut (43)

�viy ��
�����������
�=at

p
�i= cos ut (44)

The obvious way to eliminate cross-track motion (i.e. make the
chaser and target coplanar) with only one impulse is to make the
impulse at the intersection points of the two orbits. Therefore, we can
obtain

�vy ��v�y ��viy (45)

Thus, the magnitude of the cross-track impulse change �vy is
expressed as

j�vyj �
�������������������������������������������������
�
�
sin2it��

2 � �i2
�.

at

r
� Ay

�����������
�=a3t

p
(46)

and in terms of the target argument of latitude, the location of the
cross-track impulse is given by

ut � arctan 2�sin it��; �i� or arctan 2�� sin it��;��i� (47)

Substituting Eq. (47) into Eq. (7b), we find y� 0 to be the point at
which the cross-track impulsive�vy takes place. The sign of�vy is
determined by the cross-track relative velocity _y at the time of the
cross-track impulse, which is positive at � � ut � 0 and negative at
� � ut � �. Thus, the cross-track impulse�vy required to adjust the
right ascension node and the orbit inclination of the chaser is given by

�vy � sgn� _y�Ay
�����������
�=a3t

p
(48)

Relative Navigation

The relative position and the relative velocity can be estimated
when the relative range and LOS angles are measured in the chaser
LVLH frame. Based on C-W equations [7], the process noise model
is given by

�x � 2$c _z� fx � &x (49a)

�y�$2
cy� fy � &y (49b)

�z� 2$c _x � 3$2
cz� fz � &z (49c)

where $c can be replaced by
�����������
�=a3t

p
with the assumption of near-

circular orbit and small differences in the semimajor axis, and &x, &y,
and &z are the random accelerations acting on the chaser, which are
assumed to be white noises with the following characteristics:

E�&2x� � �2px��t � 	�; E�&2y� � �2py��t� 	�
E�&2z� � �2pz��t � 	�

(50)

where �px, �py, and �pz are the standard deviations of the process
noise accelerations, and � denotes the Dirac delta operator.

The measurement model is given by

r�
��������������������������
x2 � y2 � z2

p
� �r (51a)

�y � arctan 2��z; x� � �y (51b)

�z � arctan�y;
����������������
x2 � z2

p
� � �z (51c)

where �y and �z are LOS angles that are explained in the next section
(see Fig. 2), and �y and �z are LOS anglesmeasurement noises. These
noises are assumed to be white, with the expected value to be zero
and the standard deviations to be �r, �y, and �z, respectively.
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Based on the process noise model Eq. (49) and the measurements
model Eq. (51), an EKF is designed to estimate the relative position
and the relative velocity [5,37].

Along-Track Motion Control Using Only
Azimuth Angle

This section investigates along-track motion control using only
LOS angles.When the lidar (providing relative rangemeasurements)
is invalid, the only acquirable measurements are LOS angles. In this
case, it is difficult to estimate the relative position and the relative
velocity using filter algorithms. Especially when the relative range is
large, the estimation error is so great that the relative motion cannot
be controlled accurately. Therefore, we present an iterative algorithm
to estimate the along-track motion and obtain the impulsive changes
to adjust it using only azimuth angle measurement.

LOS Frame and LOS Angles

Figure 2 depicts the LOS angles and LOS frame centered on the
center of mass of the chaser spacecraft. The chaser LVLH frame
OXYZ rotates about the Y axis through angle �y and then rotates
about theZ axis through angle �z to become LOS frameOxlylzl. The
xl axis of the LOS frame is in alignment with the relative position
vector of the target with respect to the chaser �. Therefore, LOS
angles �y (azimuth) and �z (elevation), measured from the chaser
LVLH frame, are related to the components �x y z�T of the relative
vector � as follows:

�y � arctan 2��z; x�; �y 2 ���; �� (52)

�z � arctan�y;
����������������
x2 � z2

p
�; �z 2 ���=2; �=2� (53)

In terms of the sign of along-track motion x, Eq. (52) is rewritten as

�y �
�
arctan��z=x� x > 0

arctan��z=x� � � x < 0
(54)

Equation (54) presents two forms to calculate azimuth �y for
different signs of along-track motion x. Because the target is always
ahead of or behind the chaser during the whole relative drift phase,
the along-track motion x is either above zero or below zero all the
time. Therefore, only one of two forms of Eq. (54) will be required to
calculate the azimuth angle �y.

Along-Track Motion Estimate and Control

Azimuth angles at t, t� Pt, t� 2Pt, and t� 3Pt time are defined
as �y�t�, �y�t� Pt�, �y�t� 2Pt�, and �y�t� 3Pt�. Note that the
nominal semimajor axis at of the target is still required and the period

Pt of the target is calculated with 2�
�����������
a3t =�

p
. According to Eq. (54),

the varying of the azimuth angle �y within one orbit period Pt is
expressed as (with reference to Fig. 3)

�y�t� Pt� � �y�t� � arctan��z�t� Pt�=x�t� Pt��
� arctan��z�t�=x�t�� (55)

A Taylor’s series expansion of arctan��z�t� Pt�=x�t� Pt�� in the
neighborhood of point �x�t�; z�t��, first-order terms retained, leads to

�y�t� Pt� � �y�t�

� �
tan �y�t��x�t� Pt� � x�t�� � �z�t� Pt� � z�t��

x�t��1� tan2�y�t��
(56)

When unperturbed, the orbit radial motion z is periodic motion, with
the period equal to the orbit period Pt of the target. Then

z�t� Pt� � z�t� � 0 (57)

Substituting Eq. (57) into Eq. (56) and transforming Eq. (56) yields

x�t� Pt� � x�t� � �
x�t���y�t� Pt� � �y�t���1� tan2�y�t��

tan �y�t�
(58)

The only quantity on the right-hand side of Eq. (58) that is not
directly measurable is the along-track motion x�t�. Therefore, when
x�0� is given as the initial guess of x�t� andEqs. (12) and (58) are used,
the initial estimate of the semimajor axis difference within the orbit
period �t; t� Pt� is expressed as

�a�0�1 �
x�0���y�t� Pt� � �y�t���1� tan2�y�t��

3� tan �y�t�
(59)

Then, based on the desired value �ades of the semimajor axis
difference and Eq. (16), the first desired correction of the semimajor
axis of the chaser is written as

�a1 ��a�0�1 ��ades (60)

According to Eq. (28), thefirst along-track impulse required to adjust
the semimajor axis of the chaser is obtained as

�vax1 � �a1
������������������
�=�4a3t �

p
(61)

To have as little effect as possible on eccentricity, it is best that the
along-track impulse �vax1 takes place at �c � k�=2 (k�	1;
	3;	5; . . .) (approximately the point P1 in Fig. 3). However, the
point P1 cannot be determined by measurement. Therefore the point
P2, which can be determined when the azimuth angle �y arrives at
zero for the first time after t� Pt, is chosen as the position at which
the along-track impulse �vax1 is implemented.

The preceding process presents the first along-track impulsive
velocity change required to adjust the semimajor axis difference.
However, the semimajor axis difference cannot reach the desired
valuewith only thefirst along-track impulse, because the initial guess
x�0� of the relative motion at the time t is inaccurate and the resolving
process of control strategy involves approximation steps. Thus, it is
necessary to implement one more correction maneuver.

Similar to Eq. (59), the initial estimate of the semimajor axis
difference within the orbit period �t� 2Pt; t� 3Pt� after the first
impulsive velocity change is expressed as

X
Chaser
spacecraft 

Z

Y

ρ

Target 
spacecraft 

yθ

yθ

yθ

zθ
zθ

zθ

lx

ly

lz

O

Fig. 2 Scenario 1: LOS frame centered on the center of mass of the
chaser spacecraft.
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Fig. 3 Scenario 1: azimuth angle and relative motion in the orbital

plane.
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�a�0�2

�
x�t� 2Pt���y�t� 3Pt� � �y�t� 2Pt���1� tan2�y�t� 2Pt��

3� tan �y�t� 2Pt�
(62)

where x�t� 2Pt� is estimated by x�0�,�a�0�1 , �a1, and the time tP2
of

the first along-track impulse at the point P2. The estimated along-

track motion is drifting with the semimajor axis difference �a�0�1
before tP2

and then with the semimajor axis difference �a�0�1 � �a1
after tP2

. Thus, x�t� 2Pt� is expressed as follows:

x�t� 2Pt� � x�0� � 3�
�tP2
� t�
Pt

�a�0�1

� 3�
�t� 2Pt � tP2

�
Pt

��a�0�1 � �a1� (63)

It is inevitable that the estimate value �a�0�2 from Eq. (62) is not
equal to the desired value �ades, strictly because of the inaccurate
initial guess of the relative motion and the approximate steps.

Therefore, when the estimate value�a�0�2 and the first correction �a1
of the semimajor axis are used, the second estimate of the semimajor
axis difference with the orbit period �t; t� Pt� is obtained:

�a�1�1 ��a�0�2 � �a1 (64)

And then, by substituting�a�1�1 into the left-hand side of Eq. (59), the
first estimate x�1� of the relative motion at the time t is calculated with

Eq. (59). Through substituting the new estimates�a�1�1 and x�1� into

Eqs. (62) and (63), the second estimate �a�1�2 of the semimajor axis
difference within the orbit period �t� 2Pt; t� 3Pt� can be obtained.
Thus, according to the preceding process, the iterative algorithm is
given by

�a�k�1 �
x�k���y�t� Pt� � �y�t���1� tan2�y�t��

3� tan �y�t�
(65a)

�a�k�2

�
x�t� 2Pt���y�t� 3Pt� � �y�t� 2Pt���1� tan2�y�t� 2Pt��

3� tan �y�t� 2Pt�
(65b)

x�t� 2Pt� � x�k� � 3�
�tP2
� t�
Pt

�a�k�1

� 3�
�t� 2Pt � tP2

�
Pt

��a�k�1 � �a1� (65c)

�a1 ��a�0�1 ��aexp (65d)

�a�k�1�1 ��a�k�2 � �a1; k� 0; 1; 2; . . . (65e)

When the iterative value is sufficiently precise, namely,

j�a�k�1�2 ��a�k�2 j 
 � (66)

where� is the error limit of the estimate value of the semimajor axis
difference, the iterative process is stopped. The convergence of the
iterative algorithm is analyzed in the Appendix.

The second desired correction of the semimajor axis of the chaser
is written as

�a2 ��a�k�1�2 ��ades (67)

and the second along-track impulsive velocity change required to
adjust the semimajor axis of the chaser is given by

�vax2 � �a2
���������������������
�
.�

4a3t

�r
(68)

It takes place at the timewhen the azimuth angle �y arrives at zero for
the first time after t� 3Pt.

In fact, the semimajor axis difference is not equal to the desired
value�ades precisely after the second along-track impulsive velocity
change. To improve the precision of the semimajor axis difference,
additional along-track impulses can be designed using the preceding
iterative algorithm. In addition, it is difficult to control the radial
motion and the cross-track motion precisely, because their extreme
values cannot be determined by only LOS angles. These problems
will be studied in the future.

Numerical Simulations

The preceding control strategies are illustrated now by two
scenarios, first with relative position and velocity available and then
with only LOS angles available. The initial classical orbit elements of
the target are given in Table 1. The target is assumed to be flying at a
7000-km near-circular orbit with small eccentricity. The initial orbit
element differences are given in Table 2. The initial semimajor axis
difference is different in two scenarios.

Using the initial orbit elements of the target and the chaser, we can
calculate the initial inertial positions and velocities of the two
spacecraft, which are taken as the initial values for numerical
integration. And then, using a standard fourth-order Runge–Kutta
method with a fixed step of 0.2 s, the numerical simulations are
performed by integrating the nonlinear orbit equations (Cowell’s
method [36])

�r t ���rt=r3t � f�rt� (69)

�r c ���rc=r3c � f�rc� (70)

where the target’s perturbation acceleration f�rt� includes the
gravitational zonal J2 through J4 effects, and the chaser’s
perturbation acceleration f�rc� includes the gravitational zonal J2
through J4 effects and the control impulsive changes. All
calculations are carried out with Matlab M-file programs and
Simulink models.

Table 1 Target’s initial orbit elements

Orbit elements Value

at, m 7,000,000
et 0.002
it, deg 50.0
�t, deg 10.0
!t, deg 30.0
Mt, deg 110.0

Table 2 Initial orbit element differences

Orbit elements Value

�a, m Scenario 1: 300 scenario 2: 1500
�e �0:0006
�i, deg �0:0050
��, deg �0:0050
�!, deg 0.2500
�M, deg 0.3000
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Scenario 1: Relative Motion Control Using Relative Position

and Velocity Estimations

In this scenario, we show an example of approach operation using
the relative position and velocity, which are estimated by EKF with
the relative range and LOS angle measurements. The relative
navigation parameters are presented in Table 3.

In the beginning, the chaser lags behind the target and is expected
to approach it with a 10-km along-track drift per orbit period. Then,
as long as the along-track range decreases to below 10 km, the along-
track drift is expected to be eliminated (namely, �ades � 10 km=
3�! 0) and the oscillatory amplitude of radialmotion is designed to
be adjusted to 1 km (namely, Ades

z � 1 km). Furthermore, the cross-
track motion also needs to be eliminated. The simulation is done for
50,000 s (�8:5785 target orbit period).

Three-axis impulses are shown in Table 4. Figure 4 shows that the
semimajor axis difference rises from 300 to 1064 m after the first
along-track impulse, and then decreases from 1064 to 2 m after the
second along-track impulse. However, after the radial impulse is
performed, the decreased semimajor axis difference rises again to
about 18.5 m, because the radial impulse causes a little acceleration
component along the velocity direction for the near-circular orbit
case. Furthermore, the drift of along-track motion decreases from
�2805:3 m (D1 in Fig. 5) per orbit to�10; 016:1 m (D2 in Fig. 5) per
orbit and finally increases to �174:0 m per orbit (D3 in Fig. 5). The
results also illustrate that the drift of along-trackmotion is�3� times
as much as the corresponding semimajor axis difference. Figure 6
displays that the radial impulse results in the magnitude of
eccentricity difference decreasing. The magnitude of radial motion
decreases from 4345.9 m (Az1 in Fig. 7) to 995.5 m (Az2 in Fig. 7).
Figure 8 shows that the initial magnitude of cross-track motion is
728.8 m (Ay1) and then decreases to 2.1 m (Ay2) after the cross-track
impulse. Figures 9–11 are the relative orbits in the chaser LVLH
frame that satisfy the desired requirement. Figure 12 is the relative
position estimation errors with the accuracy of less than 10 m.
Figure 13 is the relative velocity estimation errors with the accuracy
of less than 0:2 m=s. The jumps of estimation errors in Figs. 12 and
13 attribute to the control impulses.

Scenario 2: Along-Track Motion Control Using Only Azimuth

Angle Measurement

In this scenario, one example of along-track drift control using
only azimuth anglemeasurement is provided. The standard deviation
of angle measurement noise is �y � 0:01 deg. The chaser is
designed to approach the targetwith a 5-km along-track drift per orbit
period and to stop approaching as long as the along-track range
decreases to below 20 km (namely, �ades � 5 km=3�! 0). The

initial guess of along-trackmotion is x�0� � 50 km. The simulation is
done for 60,000 s (�10:2942 target orbit period).

Table 5 presents four along-track impulses. Figure 14 shows that
the semimajor axis difference decreases from 1500 to 669m after the

Table 3 Relative navigation parameters

Parameters Value

Standard deviations of process acceleration
noises

�px, m=s
2 0.003

�py, m=s
2 0.00005

�pz, m=s
2 0.004

Standard deviations of measurement noises �r, m 16.67
�y, deg 0.01
�z, deg 0.01

Initial estimation of state vector

�x̂; ŷ; ẑ; _̂x; _̂y; _̂z�T
�70 km; 0; 0; 0; 0; 0�T

Initial covariance matrix P0 diag�100 m2; 100 m2; 100 m2; 10 �m=s�2; 10 �m=s�2; 10 �m=s�2�

Table 4 Three-axis impulsive velocity changes

Impulsive changes Value, m=s Performing time, s

Along-track �vax First �0:41206 8474.6
Second 0.57241 34,809.8

Cross-track �vy 0:78557 39,038.2
Radial �vez 3.60682 40,862.8
Total velocity increment, m=s 5.37686
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0 1 2 3 4 5 6 7 8 9
0

10

20

30

40

50

60

70

80

Time, Orbit Periods

A
lo

ng
-tr

ac
k 

X
, K

m

D
1

D
2

D
3

The first along-   
track impulse time 

The second along-  
track impulse time 

Radial 
impulse time  

Fig. 5 Scenario 1: along-track motion x vs time.

0 1 2 3 4 5 6 7 8 9
-7

-6

-5

-4

-3

-2

-1

0
x 10

-4

Time, orbit periods

E
cc

en
tr

ic
ity

 d
iff

er
en

ce

The first along-   
track impulse time 

The second along-  
track impulse time 

Radial 
impulse
time          

Fig. 6 Scenario 1: eccentricity difference vs time.

1010 TONG, SHIJIE, AND SONGXIA



first and second along-track impulses. Accordingly, the drift of
along-track motion increases from �14; 110:4 m per orbit (D1 in
Fig. 15) to�6286:1 m (D2 in Fig. 15) per orbit. The drift velocity of
the along-track motion does not reach the desired value of 5 km
because of azimuth measurement error. The semimajor axis
difference finally decreases to 12.7m after the third and fourth along-
track impulses and the drift of along-track motion increases to
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Fig. 7 Scenario 1: radial motion z vs time.
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Fig. 8 Scenario 1: cross-track motion y vs time.

10 20 30 40 50 60 70

-20

-10

0

10

20

Along-track X, km

R
ad

ia
l Z

, k
m

 Initial position
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Fig. 10 Scenario 1: relative orbit in the Y–Z plane (the chaser LVLH).
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Fig. 11 Scenario 1: relative orbit in the X–Y plane (the chaser LVLH).
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Table 5 Along-track impulses

Along-track impulses Value, m=s Performing time, s

First 0.42422 8141.0
Second 0.02415 19767.8
Third 0.23720 31,401.2
Fourth 0.11711 43,050.6
Total velocity increment, m=s 0.80268
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�101:2 m per orbit (D3 in Fig. 15). As seen in Fig. 16, the relative
orbit in the X–Z plane tends to be stabilized. Figure 17 shows the
azimuth angle and the measurement error.

The results indicate that the control errors are inevitable. But in the
long-range (several tens of kilometers) drift phase of autonomous
rendezvous, the order of these errors is acceptable. Therefore, the
iterative algorithm is valid for drift control of autonomous
rendezvous with only LOS angles available.

Conclusions

According to the periodic characteristics of relative motion
described by classic orbit element differences, impulse algorithms
are developed and illustrated for relative motion control in two
different measurement cases. In the first case, the measurements of
relative range andLOS angles are available. The relative position and
the relative velocity are estimated to determine the semimajor axis
difference, the magnitude of eccentricity difference, and the

amplitude of cross-track motion. The impulsive control strategies
designed with Gauss’s perturbation equations are efficient for
adjusting the along-track drift and the amplitudes of radial and cross-
track motion. In the second case, only LOS angles are available. The
relation between the azimuth angle and the semimajor axis difference
is established and used to design along-track impulses that are
efficient to control the along-track drift. The proposed control
strategies are verified by the numerical simulations of relativemotion
maneuver for example scenarios. The results indicate that

1) Along-track, radial, and cross-track motions can be controlled
accurately when the relative range and LOS angles are available.

2) The iterative algorithm is valid for along-track drift control
when only LOS angles are available.

The proposed control strategies have three advantages:
1) Only relative measurements are required.
2) The strategies are suited to the long-range relative motion.
3) The algorithms are simple for autonomous application. They

will be helpful for maneuver operations in the relative drift phase of
autonomous rendezvous, especially in noncooperation cases that
lack measurements.

However, the control strategies are applied only to the case of
near-circular orbits, and the iterative algorithms using only LOS
angles are not suitable for all autonomous rendezvous operations.
The case of elliptical orbits and the radial and cross-track maneuver
strategies using only LOS angles need to be studied in the future.

Appendix: Convergence of the Iterative Algorithm

Using Eqs. (65a–65e), the series �a�k�2 is expressed as follows:

�a�k�2 �
�

tan �y�t�
��y�t� Pt� � �y�t���1� tan2�y�t��

� 2

�

�
��y�t� 3Pt� � �y�t� 2Pt���1� tan2�y�t� 2Pt��

tan �y�t� 2Pt�
�a�k�1�2

�
�

tan �y�t�
��y�t� Pt� � �y�t���1� tan2�y�t��

�
t� tP2

Pt

�

�
��y�t� 3Pt� � �y�t� 2Pt���1� tan2�y�t� 2Pt��

tan �y�t� 2Pt�
�a1

(A1)

defining

B�
�

tan �y�t�
��y�t� Pt� � �y�t���1� tan2�y�t��

� 2

�

�
��y�t� 3Pt� � �y�t� 2Pt���1� tan2�y�t� 2Pt��

tan �y�t� 2Pt�
(A2)
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Fig. 14 Scenario 2: semimajor axis difference vs time.
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C�
�

tan �y�t�
��y�t� Pt� � �y�t���1� tan2�y�t��

�
t � tP2

Pt

�

�
��y�t� 3Pt� � �y�t� 2Pt���1� tan2�y�t� 2Pt��

tan �y�t� 2Pt�
(A3)

then

�a�k�2 � B�a
�k�1�
2 � C�a1 � Bk�1�a�1�2 � �Bk�2 � Bk�3 � � � �

� B� 1�C�a1 � Bk�1�a�1�2 �
1 � Bk�1
1 � B C�a1 (A4)

Apparently from the preceding equation, the convergence condition
of the iterative algorithm is jBj< 1. Using Eqs. (12) and (58), B is
simplified as follows:

B�
�

x�t�
x�t� Pt� � x�t�

� 2

	
x�t� 3Pt� � x�t� 2Pt�

x�t� 2Pt�

��a2�x�t� � 6��a1�
�a1x�t� 2Pt�

(A5)

where �a1 is the initial semimajor axis difference within the orbit
period �t; t� Pt� and�a2 is the semimajor axis difference within the
orbit period �t� 2Pt; t� 3Pt� after the first along-track impulse;
x�t� 2Pt� can be replaced by Eq. (63). Thus, the sufficient condition
of convergence is

j�a2�x�t� � 6��a1�j< j�a1x�t� 2Pt�j (A6)

Wewill subsequently analyze the convergent conditions for different
rendezvous operations.

When the chaser approaches the target in the beginning, namely,

x�t��a1 > 0 (A7)

and the approach velocity is excepted to decrease, namely,

j�adesj< j�a1j (A8)

j�a2j< j�a1j and jx�t� � 6��a1j< jx�t� 2Pt�j can be derived.
Therefore, Eq. (A6) is satisfied and the iterative algorithm is
convergent.

When the chaser retreats from the target in the beginning, namely,

x�t��a1 < 0 (A9)

and the retreat velocity is excepted to decrease, j�a2j< j�a1j and
jx�t� � 6��a1j> jx�t� 2Pt�j can be derived. Equation (A6) is not
always satisfied. But if magnitude of the initial along-track drift per
orbit period is small in comparison with the along-track range
(namely, j3��a1j 
 jx�t�j), we have jx�t� � 6��a1j � jx�t�
2Pt�j and Eq. (A6) is satisfied. The iterative algorithm is convergent.

When the drift velocity is expected to increase, namely,

j�adesj> j�a1j (A10)

the iterative algorithm cannot converge, whether for approach or for
retirement.
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